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GALILEO'S PROBLEM OF THE ROTATING EARTH 
BY JAMES MACLACHLAN, UNIVERSITY OF TORONTO M5S 1Al 
Summaries 
More than twenty years before Huygens and Newton 
developed formulas for centrifugal acceleration, 
Mersenne contrived a satisfactory solution for Galileo's 
problem of the extrusion of bodies from the earth as a 
result of its daily rotation. Mersenne was able to 
overcome an error in Galileo's approach without the 
use either of an explicit notion of infinitesimals 
or of any clear concept of force. His solution 
depends on comparing the lengths of two lines, a 
technique that several historians have claimed to be 
inadequate for this problem. 
Plus que vingt ans avant le ddveloppement par 
Huygens et Newton de formules pour l'acct?l&ation 
centrifuge, Mersenne a invent6 une solution 
satisfaisante pour le problsme de Galileo de 
l'expulsion for&e de corps de la terre par suite 
de sa rotation quotidienne. Mersenne a pu surmonter 
une erreur dans la procgdure de Galileo sans 
utiliser soit une conception explicite des 
infinitkimaux, soit quelque notion pr&ise de la 
force. Sa solution d6pend de la comparaison de la 
longeur de deux lignes, une technique que plusieurs 
historiens ont pr&tendue Btre inadgquate pour ce 
probleme. 
Historians of science and mathematics have, naturally enough, 
a special interest in novelty and innovation. The great improve- 
ments in mathematical analysis and in physical concepts during 
the seventeenth century may thus tend to lead historians to 
neglect methods and solutions that were adequate to their 
problems, but which do not appear to be on the main line of 
progress toward the infinitesimal calculus and inertial-gravita- 
tional physics. As a result, it has been possible for historians 
to claim that certain types of problems had to await the more 
adequate methods of the later part of the century. 
One such problem is the analysis of circular motion. 
Christian Huygens in 1659 and Isaac Newton less than ten years 
later used notions of infinitesimals and forces to arrive at 
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quite general expressions for the measure of the radial acceler- 
ation involved in circular motion. More than two decades earlier, 
Marin Mersenne had published a perfectly satisfactory solution 
to a problem that would seem to require a knowledge of some kind 
of formula for radial acceleration. And he did it without any 
explicit use either of infinitesimals or forces. Al though 
Mersenne’s solution was amenable to generalization, he expressed 
it only for one problem connected with the rotation of the earth. 
The problem had been posed by Galileo, as he undertook to 
show that no dire consequences would result from the daily rota- 
tion of the earth. He solved it apparently to his own satis- 
faction in a demonstration that seemed to show that the continuous 
downward tendency of heavy bodies was more than sufficient to 
overcome any tendency to projection from the whirling earth, no 
matter how great its rate of rotation. There is a significant 
defect in his analysis, which Mersenne was able to overcome. 
Our way of expressing the problem is to ask by how much 
the force of gravity on a body at the earth’s surface is di- 
minished by the effect of the diurnal rotation. At the equator 
the reduction is 1 in 289. This result depends on the values 
of the acceleration due to gravity (g) and the radius of the 
earth (I?). Between 1670 and 1690, both Huygens and Newton 
arrived at a result very close to ours. But, in their first 
calculations both men used incorrect values for g and R. Huygens ’ 
result in 1659 was that “so much is removed from weight resulting 
from expulsion by the whirling of the earth that all weight 
would be removed if the radius of the earth were changed to 265 
times what it now is. However, in view of this, [the real situ- 
ation is that] l/265 of weight is removed from bodies located at 
the equator, and less elsewhere.” [Huygens 1888 16, 3041. 
Newton’s result from about 1666 was that “the force of the earth 
from its center is to the force of gravity as one to 144 or there 
abouts .I1 [Herivel 1965, 1851. On the same manuscript Newton 
later added another line: “or rather 1:3OO::vis a centro terrae: 
vim gravitatis .I1 [ibid.] A year or two later, Newton derived 
a new form for the expression for radial acceleration, and 
recalculated the ratio: “the force of gravity is of such a magni- 
tude that it moves heavy bodies down . . . about 350 times further 
in the same time than the endeavour from the centre .” [Herivel 
1965, 1961 
The occasion for these derivations had been provided by 
Galileo in his 12ialogue on the two chief world systems (1632). 
In Figure 1, Galileo let AB represent the line along which a 
body at A would move horizontally at the speed of the whirling 
earth, ANP. Along AB are marked off the distances that would 
be traversed in successive equal time intervals; so that the 
verticals from F, H, and K to AD and AE represent the degrees 
of speed acquired in falling during the times AF, AH, and AK. 
Either AE or AD is chosen as the termination for the verticals 
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Figure 1 
depending on the weight of the body. For here Galileo granted 
for the sake of tradition that heavier (or more dense) bodies 
would achieve greater speeds than lighter ones. Galileo used 
this illustration to establish that however light the body might 
be (as long as it was not weightless), the line AD would always 
make a finite angle, BAD; whereas the “horn angle” of the arc 
PNA with AB is smaller than any finite angle. He then described 
the situation thus: 
The degrees of speed, infinitely diminished by the 
decrease of the weight of the moving body and by the 
approach to the first point of motion (the state of 
rest) are always determinate. They correspond 
proportionately to the parallels included between 
the two straight lines meeting in an angle such as 
the angle BAE or BAD, or some other angle infinitely 
acute but still rectilinear. But the diminution of 
the spaces through which the moving body must go to 
return to the surface of the wheel [or earth] is 
proportional to another sort of diminution included 
between lines which contain an angle infinitely 
narrower and more acute than any rectilinear angle 
whatever. [Galileo 1953, 200-2011 
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The verticals from AB that intersect the arc of the earth's cir- 
cumference at J, N, and Q, are the "amounts of the spaces of 
return" to the surface. "They grow always less than these 
parallels of which they are parts, and diminish in an increasing 
ratio as they approach the point of contact." [ibid.] 
Now if, starting from H, you successively halve the distance 
to A, the effect will be to halve the verticals drawn to AD, 
"each subsequent parallel will be half of the preceding one. 
But it is not thus with the line intercepted between the tangent 
and the circumference of the circle." [ibid.] By this, Galileo 
intended that we see the distances from tangent to circumference 
(HN, FQ, etc.) becoming progressively smaller fractions of the 
perpendiculars to AD (HN, FO, etc.). Galileo's major error was 
in seeing the ratio of the two sets of lines (such as FQ/FO) 
diminishing "in an increasing ratio as they approach the point 
of contact." [ibid.] In fact, (for relatively small angles) 
each and every halving of the length of the tangent essentially 
quarters the distance from the tangent to the circumference-- 
the diminution follows a squared relation. However, while the 
same move only halves the speeds, it also halves the times, so 
that (since d = vt) the distance that can be fallen is quartered, 
just as the distance that needs to be fallen is quartered. 
Galileo overlooked this fact, and missed seeing that moving in 
along the tangent would not eventually arrive at a point where 
the distance to be traversed would be so tiny that any small 
rate of fall could make it. 
If Galileo had put numbers to his lines he could have com- 
pared the distance required by a falling object to return to 
the earth along such a line as FQ, with the distance that it 
would fall in the time represented by AF; in which case, he 
could have calculated the same kind of ratio that Huygens and 
Newton did later. 
He could have, I suggest, if he had wanted to; or if he 
had felt the need to. But Galileo seems to have been taken in 
by his geometrical argument, which convinced him that "let the 
tendency to downward motion be as small as you please, yet it 
will always be more than enough to get the moving body back to 
the circumference from which it is distant by the minimum 
distance, which is none at all." [Galileo 1953, 2031 My 
conviction that Galileo could have made such calculations is 
based largely on knowing that within four years of the publica- 
tion of Galileo's Dialogue, Marin Mersenne in Paris did make 
them. 
Having worked directly from Galileo's dialogue, Mersenne 
published his calulations in his Harmonie universelle, in an 
early part that he had completed before the end of 1635. After 
calculating the lengths of tangents and secants for several angles 
of less than a minute of arc, Mersenne was able to counter Galileo's 
claims about the rates at which those line lengths diminished. 
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He noticed that there was the same kind of decrease in both sets 
of distances; so that 
the proportionality of the square-roots of the spaces 
to the times marvellously diminishes the distances 
that the moveable can traverse, so that it is always 
able to keep the decrease in those distances equal to 
the decrease in the distance that it [has to] traverse 
during the time that it departs from the earth along 
the tangent. [Mersenne 1636, 1431 
This result came from Mersenne’s having calculated the ratio of 
the two distances for several angles, and finding it essentially 
constant. 
His first step had been to determine how far the end of the 
tangent is away from the surface of the earth, if the length of 
the tangent is the distance that the rotation of the earth can 
move an object in 1 second of time. In that time the earth 
rotates through an angle of 15/(602) degree. Mersenne gave the 
value for the tangent of that angle, from which he calculated 
the secant, and by subtracting the radius got the length of the 
exsecant, such as the distance FQ in Figure’ 1 (if the line FQ 
is supposed tilted just enough to pass through the centre of 
the circle). Then, converting from the radius of his unit circle 
to that of the earth, Mersenne calculated the length to be 13/12 
inch--in which he erred by using the diameter of the earth in 
place of the radius. He should have gotten 13/24 inch. 
In the time of 1 second, Mersenne had determined that an 
object could fall freely a distance of 12 feet, or 144 inches. 
Thus, free fall is able to carry an object (144+13/12=) 133 times 
farther than is necessary in order to offset the distance that 
the expulsion resulting from the earth’s rotation would have 
moved the object away from the surface. Had it not been for 
the diameter-radius slip, Mersenne would have obtained a value 
of 266 for that ratio--as close an approach to our modern value 
as those first obtained by Huygens and Newton. 
Since Mersenne did not have a general formula for this cal- 
culation--nor made any claim to principles from which one might 
be deduced--he could not be sure from one calculation that the 
ratio would continue finite for smaller angles. Consequently, 
he repeated the calculations for three smaller angles, l/(60 ), 
15/ (604), and l/ (604) degree. Since Mersenne’s arithmetic was 
not entirely free from error, he obtained values for the ratio 
from these calculations, of 131, 133, and 120. These results 
clearly demonstrated that the ratio that Galileo had indicated 
would increase greatly as the angle diminishes, does not in fact 
change significantly at all. 
Although Galileo had erred in that, Mersenne might have been 
willing to conclude that the ratio was more than ample to ensure 
that bodies would not be projected from the surface of the earth 
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as a result of its daily rotation. 
He was not, 
Using his value of 120 for the ratio, Mersenne extended the 
argument in two ways. First, he said, there are some bodies so 
light that they take 12 seconds to fall 12 feet, instead of the 
1 second required for heavy bodies. Such a light body falls 
only l/144 of the distance in the same time as a heavy body, 
which by his calculations would be insufficient to return it to 
the earth--in fact, that fall would only return the light body 
120/144 = S/6 of the distance required [l]. Thus, Mersenne was 
able to convince himself that he had refuted Galileo’s claim 
that weight made no difference as long as it was present in any 
degree. If the earth rotated, it seemed to Mersenne, then 
light bodies could not be retained at the surface. 
The other extension is more striking--involving as it does 
the effect of the rate of the earth’s rotation. Mersenne had 
obtained his ratio of 120 for an angle of 1/(604) degree. The 
time for the earth to rotate through that angle is 4/(605) hour. 
Mersenne had calculated that the distance a heavy body would 
fall in that time would be s = l/1,687,500 of a line (where 1 
line = l/12 inch). The distance that a body would have to fall 
to reach the circumference from the tangent at that angle would 
be x = l/202,087,007 line. (A check will show that s/x is 
approximately 120.) Mersenne then proposed that 
if one were to increase the speed of the earth from 
that supposed by Galileo; and if, for example, it 
were made to turn a circuit in 12 hours, the body 
would remove itself from the circumference by a 
distance of l/202,087,007 line in 2/(605) hour 
[i.e., the same distance x in half the time], in 
which time the falling body makes only l/1,687,500 
line [Mersenne should have put s/4 instead of s], 
so that the path which it would make is [only] 
30 times larger than necessary. [Mersenne 1636, 1451 
Despite the misprint noted, Mersenne drew the correct conclusion 
from the hypothetical situation: If the earth’s rotation rate 
were doubled, a distance x from the circumference would be 
reached in half the time, during which a body will fall from rest 
only a quarter of the distance s through which it would have 
fallen according to the earlier calculation. This relation of 
distances and times of fall was equally familiar to Mersenne and 
Galileo, being frequently used in their published works. Thus, 
doubling the earth’s supposed rate of rotation would reduce from 
120 to 30 the value of the ratio that interests us [2]. 
Mersenne demonstrated here quite clearly all that is needed 
to determine that the speed of circular motion enters into the 
relation between falling and expulsion as a square--if you 
double the speed of the earth, the ratio of the falling motion 
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to tangential expulsion is reduced to one-quarter as much. If 
he had had the words, Mersenne could have said that centrifugal 
force is proportional to the square of the speed of rotation. 
He did not have the words, and it may be idle to argue about the 
extent to which he had the ideas. 
However, some grounds for doubt exist that Mersenne realized 
that he had found the effect to depend on the square of the 
speed of rotation. For, in his more general treatment of cir- 
cular motion [Mersenne 1636, 146-1501, in which he followed 
Galileo's discussion, no hint of that relation appears. Never- 
theless, it remains true that Mersenne had found a procedure 
for solving the problem posed by Galileo that led to a result as 
reasonable as those of Huygens and Newton two decades and more 
later. Although Mersenne did not have an explicit idea of cen- 
trifugal force, he was able to use the appropriate distances 
kinematically to compare the motions of falling and of tangential 
expulsion. Nor does there appear in his work any explicit indi- 
cation of a notion of limiting operations or infinitesimals. 
Yet, the very fact that Mersenne used tiny angles (the fourth 
one he chose was l/54,000 of the first one) suggests that he 
was implicitly pressing toward the zero limit. A billionth of 
an inch is not infinitesimal, but the fact that Mersenne went 
that small in his calculations shows that he must have had some 
feeling for the advantage of using minute quantities in a 
problem such as this. 
There is no reason to suppose that Mersenne used any mathe- 
matical or conceptual notions that were beyond Galileo's capaci- 
ty. Yet, he was able to show that 
it is not true that however much the motion along the 
tangent is increased, and that along the secant is 
decreased, that the path which the weight has to 
traverse to arrive at the circumference will be 
so small that whatever time it has will always be 
more than sufficient. [Mersenne 1636, 1451 
Sufficient, that is, to return the weight to the surface of 
the earth. Galileo had made a mathematical error because he 
depended too strongly on two convictions: (1) that the earth 
does rotate, though objects at its surface seem to be unaffected 
by the rotation, and (2) that the continuous action of a body's 
weight behaves differently from forces that act in an impulsive 
way. Since Mersenne was skeptical about the rotation of earth, 
he was not confined by that belief of Galileo's. And Mersenne's 
analysis shows that the idea of weight acting continuously was 
not a crucial impediment to a solution. 
Historians who have not been aware of this analysis of 
Mersenne's have undertaken to account for Galileo's error 
according to their own specialized concerns. Thus, for a 
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historian of mathematics, Carl Boyer, Galileo was 
on the verge of discovering an important mathematical 
concept--the order of an infinitesimal--but he did 
not carry the matter far enough. He did not give 
careful proof of his statements, nor did he even 
define clearly the terms involved in the argument. 
He was satisfied to apply a bit of plausible geometry 
to dispose of an opponent's scientific position. 
A mathematician cannot help but regret that Galileo 
did not pursue his thesis further; . . . 
[Boyer 1967, 246-2471 
Boyer did not pick up on the error I have described, and as a 
mathematician, he paid scant attention to the physical con- 
ceptions involved. 
On the other hand, a philosophically oriented historian of 
science, Maurice Clavelin, has been concerned to demonstrate the 
deficiencies in Galileo’s physical conceptions: 
It is clear that many reasons prevented a properly 
"physical" interpretation of the centrifugal force. 
We must not forget that by its ability to conserve 
order, circular motion tended to represent for 
Galileo a natural motion; and thus incapable by 
definition of producing perturbations. Moreover, 
considering circular motion to be natural deflected 
Galileo's attention away from the centripetal force, 
which alone could prevent the appearance of the 
centrifugal effect. [Clavelin 1968, 252-2531 
Of course, if Galileo had been that entranced with the natural- 
ness of circularity, he would not have needed to engage in this 
analysis in the first place--an analysis in which he clearly 
attributed a straight tangential path to the possible motion of 
objects projected by the earth’s rotation. Moreover, like Boyer, 
Clavelin provided a prescription for what Galileo ought to have 
done. Instead of letting 
his physical intuition decline into a simple 
geometrical representation, [he should have] 
determined the factors to which the centrifugal 
force is proportional and thus its physical 
structure, which would have been the usual approach, 
and besides the only fruitful one. How else 
could it be established? From the centrifugal 
force, already introduced as a physical reality, 
Galileo slid over to the distance by which it 
would remove bodies from the earth's surface. 
[Clavelin 1968, 2471 
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However difficult it may be to determine what the “usual” 
approach to this problem would be, we have seen that Mersenne 
was quite well able to handle it precisely by means of a com- 
parison of distances. 
Rupert Hall too, has provided a prescription for Galileo; 
adding to Clavelin’s suggestion the idea that Galileo erred in 
substituting reasoning for experimentation: 
The only way to handle the problem of centrifugal 
force in connection with the rotation of the Earth, 
and to settle it, was to calculate the force 
arising from the Earth's spin and compare it with 
the force of gravity. It is no detriment to the 
fazne of Galileo that he could not do this, that he 
did not anticipate the discoveries of Huygens and 
Newton half a century later. That he could be 
satisfied by a specious solution arose from his 
taking a kinematical approach to be quite adequate; 
he compared not forces but the lengths of lines. 
For Galileo the stone in the sling was a con- 
venient device rather than a means of experiment, 
and once it had evoked the proper response from 
Simplicio it was set aside and there was no 
further reference to experiments. A priori 
geometrical reasoning seemed to make experiment 
superfluous. [Hall 1963, 551 
Poor Galileo! 
If only he had pushed his infinitesimal analysis farther; 
if only he had not considered circular motion to be so natural; 
if only he had experimented instead of delving into geometrical 
subtleties. But “if only” is not history, and the example of 
Mersenne shows that only a little more care and a little more 
skepticism was quite sufficient to clear up Galileo’s difficulty. 
Comparing the lengths of lines is a perfectly adequate thing to 
do, as long as you make the right choices about what the lines 
represent. No concept of “force” was necessary. 
The development of physics in the seventeenth century saw 
an ever closer amalgamation of mathematics, conceptualization, 
and experimentation. Histories of that development should be 
seen to be lop-sided if they give inadequate attention to one 
or other of those three factors. Otherwise, impossibilities 
will continue to be invented for what may only have been diffi- 
culties. 
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NOTES 
1. If Mersenne had explicitly attributed a feather’s 
decreased rate of fall to air resistance, he might have realized 
that the air would act with equal effect in the tangential di- 
rection also. He did recognize air resistance, for he had 
mentioned earlier his experiments with a body “~0 light that it 
barely has enough force to overcome air resistance.” [Mersenne 
1636, 1421 By not mentioning it here, however, he derived a 
significant difference for the effect of the earth’s rotation 
on heavy and light objects. 
2. The way Galileo used the diagram is rather a swindle. 
For, if a change in the earth’s rotation rate had been suggested, 
he likely would have adjusted the proportions of the various 
quantities so that the same diagram, and the same result, 
necessarily followed. So, for him, the working out of the 
diagram was essentially independent of the rate of rotation of 
the earth--making his conclusion inescapable. 
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